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Abst rac t - -A  sequence of positive integers 1 <2 al  <: a2 < ... with the property that all dif- 
ferences cU - ai, i < j are distinct is called a B2-sequence. Denote by DDC (distinct difference 
constant) the maximum over all possible B2-sequences of the sum E(1/ai). Previously known upper 
and lower bounds for the DDC are 2.1597 < DDC < 2.374. We have estimated the following sharper 
bounds on DDC: 2.1600383 < DDC < 2.2473. We have further proved that any B2-sequence which 
achieves the maximum reciprocal sum must start with the terms 1,2,4. (~) 2000 Elsevier Science Ltd. 
All rights reserved. 
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1. INTRODUCTION 
Let 1 < a l  < a2 < ...  be the consecutive terms of a sequence A of positive integers, and 
suppose that the differences aj  - ai, i < j are all distinct. Such sequences, called B2-sequences 
by Sidon [1], occur in the theory of Fourier series [2]. Finite sequences satisfying the distinctness 
of differences property, known as spanning rulers, have found extensive applications in radio- 
astronomy, X-ray crystallography, and the design of communication systems [3]. System design 
constraints dictate that spanning rulers be as short as possible. 
The shortest spanning ruler for a certain number of terms is called a Golomb ruler. Although 
it is easy to exhibit a single spanning ruler with m terms (for all integers m), the problem of 
finding the optimal spanning rulers, i.e., Golomb rulers or even solutions close to optimal, is still 
unresolved [4]. Up to date exhaustive computer search has succeeded in finding Golomb rulers 
with up to 19 terms [5]. An internet site keeping track of the latest information about Golomb 
rulers has been set up [6]. The above site also contains information about an ongoing distributed 
computing project over the internet searching for the Golomb rulers with 20 and 21 marks. 
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In the case of infinite sequences, a measure of the compactness of a sequence that has found 
universal acceptance is the "sum of the reciprocal terms" or equivalently, the reciprocal sum. 
Analogous to the problem of finding a Golomb ruler in the case of finite sequences i the problem 
of finding a B2-sequence with the smallest possible reciprocal sum, an optimal infinite ruler. 
Denote by DDC (distinct difference constant) the maximum of the sum a(A) = ~(1/ai )  over 
all possible B2-sequences. The problem is to determine the exact value of DDC and exhibit a 
B2-sequence whose reciprocal sum a(A) is equal to DDC [7, Problem E28; 8, No. M1094]. 
The simplest candidate for an optimal B2-sequence is the Mian-Chowla sequence [9], obtained 
by the stingy algorithm. Each term in the Mian-Chowla sequence is the least integer greater than 
the previous term, such that the distinctness of sums is not violated. By construction, the stingy 
sequence is a B2-sequence. Denote by S* the sum of the reciprocal terms in the Mian-Chowla 
sequence. The following bounds on DDC and S* are reported in [10]: 2.156 < S* < DDC < 2.374. 
The Mian-Chowla sequence had long been conjectured as being one B2-sequence achieving the 
DDC [7]. However, Zhang has recently disproved this conjecture by constructing a B2-sequence 
that achieves a bigger reciprocal sum than the infinite stingy sequence. This new sequence is 
obtained by replacing the 15 th term in the stingy sequence, which has the value of 204, with the 
value 229, and then continuing with the stingy algorithm. Zhang has shown that this sequence 
is a B2-sequence whose infinite sum of reciprocal terms is greater than 2.1597, whereas an upper 
bound on the stingy reciprocal sum is 2.1596. We denote the infinite sum of reciprocal terms in 
the Zhang sequence as S t. Therefore, updated with Zhang's result, the known bounds on the 
DDC are [7] S* < 2.1596 < 2.1597 < S t _< DDC < 2.374. 
Determining some B2-sequence which achieves the DDC is still an open problem. The Zhang 
sequence is currently the B2-sequence with the biggest known reciprocal sum. The objective of 
our work is to, first, estimate more accurately the value of the DDC and, second, to determine as 
many initial terms of the optimal B2-sequence as possible. In Section 2 of this paper, we estimate 
the following sharper bounds on the DDC: 
2.1600383 < DDC < 2.2473. 
In the derivation of the upper bound on the DDC, we make use of the lengths of all known 
Golomb rulers. In Section 3, we prove that the first three terms of any B2-sequence achieving 
the DDC should be 1, 2, 4. The proof of this latter statement is based upon the newly derived 
bounds on the DDC. In Section 3, utilizing the fact that every optimal B2-sequence starts with 
1, 2, 4 , . . . ,  we calculate an even sharper upper bound than the one shown in Section 2. 
2. BOUNDS ON DDC 
Knowing the value for the DDC within some tight lower and upper bounds can greatly facilitate 
the search for an optimal B2-sequence. The lowest upper bound on the DDC found in the 
literature is due to Levine [7,11] who observed that iftn -- n (n+l ) /2 ,  then DDC < ~ 1 / ( tn+l )  < 
2.374. The best previously-known lower bound on the DDC is due to Zhang [12] who constructed 
a B2-sequence with a better reciprocal sum, S t, than the Mian-Chowla sequence. Zhang was 
able to prove that 2.1597 < S t < DDC. This result was obtained by simply calculating the 
reciprocal sum of the first 300 terms of the Zhang sequence by means of a computer program. 
In this section, we estimate sharper upper and lower bounds for the DDC which we state in the 
form of the following lemma. 
LEMMA 1. The distinct distance constant (DDC) is bounded by 
2.16003835 < S t <_ DDC < 2.27724891, 
where S t is the sum of the reciprocal terms of the Zhang sequence. 
PROOF. The derivation of the above bounds proceeds as follows. 
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Lower  Bound DDC >_ S t > 2.16003835 
The first 1000 terms of the Mian-Chowla and the Zhang sequence were constructed by means of 
a computer algorithm. The 1000 th terms of the above sequences have the values 14,018,951 and 
13,881,616 for the Mian-Chowla and the Zhang sequence, respectively. The sum of the reciprocal 
terms of the Zhang sequence provides a lower bound on the DDC: 
1000 1 
Sf > E - = 2.1600383530. 
i=1 OLi 
A few terms of the Zhang and the Mian-Chowla B2-sequences are shown in Table 1. 
Table 1. A few terms of the Mian-Chowla and the Zhang B2-sequences with the 
corresponding reciprocal sums. 
Index 
1 
2 2 
3 4 
4 8 
5 13 
6 21 
7 31 
8 45 
9 66 
10 81 
11 97 
12 123 
13 148 
14 182 
15 204 
16 252 
17 290 
18 361 
19 401 
20 475 
3OO 514644 
301 524307 
302 527197 
998 13977934 
999 14003877 
1000 14018951 
Upper  Bound DDC < 2.27724891 
Mian-Chowla Zhang 
Mark Rec. Sum 
1 1.000000 
1.500000 
1.750000 
1.875000 
1.951923 
1.999542 
2.031800 
2.054022 
2.069173 
2.081519 
2.091828 
2.099958 
2.106715 
2.112210 
2.117112 
2.121080 
2.124528 
2.127298 
2.129792 
2.131897 
2.158120 
2.158122 
2.158124 
2.158413 
2.158413 
2.158413 
Mark Rec. Sum 
1 1.0000000 
2 1.5000000 
4 1.7500000 
8 1.8750000 
13 1.9519231 
21 1.9995421 
31 2.0318002 
45 2.0540224 
66 2.0691739 
81 2.0815196 
97 2.0918288 
123 2.0999589 
148 2.1067157 
182 2.1122102 
229 2.1165770 
257 2.1204680 
290 2.1239163 
312 2.1271214 
381 2.1297461 
419 2.1321328 
517520 2.1597445 
524466 2.1597464 
526790 2.1597483 
13835010 2.1600382 
13845756 2.1600382 
13881616 2.1600383 
A lower bound on the value of each individual term in any B2-sequence was estimated in the 
following way. 
1. The first 19 marks in any B2-sequence should have length greater than or equal to the 
corresponding known Golomb ruler with the same number of marks [5,6]. 
2. For the next 1080 marks, we used as an estimate the lower bound on length of the corre- 
sponding Golomb ruler given by the formula derived in [4], 
Lm > max fro(k) = m 2 -mk m(m - 1) 7k 2 k 5 
- k + l  +-~+~-~' 
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where Lm is a lower bound of the Golomb ruler length with m marks. The maximum for 
each m is over all integers k in the range 1 _< k < n/2. At this point, the first 25 terms in 
the sequence of the individual shortest length estimates are seen to be 
1, 2, 4, 7, 12, 18, 26, 35, 45, 56, 73, 86,107, 128,152,178,200,217,247, 
,255,284, a15, a47, a81,416. 
3. A conservative upper estimate of the sum of the reciprocal terms in the infinite tail of any 
B2-sequence beyond the 1100 th mark was made by using the marks 
- - ,  i > 1100 
as a lower bound, where c is a constant close to 2. The exact value of c used in our 
calculations was evaluated through the equation 
c = Lu00 = 1138788 ~ c = 1.884006948. 
Next, we evaluated the sum of the reciprocals of the infinite sequence consisting of the 
lower estimates that we mentioned before. 
1 2/c 2/c 
E c (n -  1)n /2 -  1100-  1 - 1099 
n=l l00  
by a well-known identity. A first estimate of the upper bound on the sum of the reciprocal 
terms in any B2-sequence is
19 1099 1 1 2/c 
DDC _< Ei=, ~-~+ i:~20"= ~-7+ 109-----9 
= 2.20719700 + 0.06908509 + 0.00096682 
= 2.27724891, 
where G(i) is the length of the Golomb ruler with i marks. 
Now we are in a position to establish an upper bound on the infinite tail of any B2-sequence 
starting with the (i + 1)St-mark. All we have to do is simply subtract from the known estimate 
DDC = 2.27724891 the sum corresponding to the reciprocals of the f irst/-terms in the sequence 
with the individual shortest length estimates. 
3. INITIAL SEGMENT OF AN OPT IMAL  B2-SEQUENCE 
The estimate of the optimal infinite tail sum which we calculated in the previous ection allows 
us to prove the next theorem. 
THEOREM 1. Let B be a B2-sequence. Then there is a B2-sequence A with al = 1, c~2 = 2, 
OL 3 = 4, and 8 _< a4 <_ 11 such that Ei=l°° 1/ai > El=l°° 1/~i. 
In other words, if a B2-sequence has a "large" reciprocal sum, then its first three terms must 
coincide with the initial three terms of the Zhang sequence. We checked the validity of this 
statement by means of a backtracking search. In the interest of time, we do not include here the 
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complete listing of our search. 
follows. 
The central idea behind that search can be briefly described as 
1. We backtrack through all possible, sufficiently large (up to a maximum of eight terms), 
finite initial segments of B2-sequences searching for those segments which can potentially 
achieve an infinite reciprocM sum bigger than the Zhang sum. For each initial segment, we 
estimate an upper bound on its infinite reciprocal sum by adding to the actual reciprocal 
sum up to this point the optimal infinite tail sum as calculated in the last section. All 
initial segments whose estimated maximum reciprocal sum is smaller than the Zhang sum 
are discarded. The remaining initial segments need to be extended further in order to 
determine if they have the potential to achieve a better reciprocal sum than the Zhang 
sequence. 
2. In order to speed up the search while extending the initial segment, we apply the following 
technique. New marks are added to the initial segment by using as first row differences 
the smallest integers in ascending order which are missing from the difference triangle 
corresponding to the initial segment. At this step, we do not check whether the augmented 
sequence is a spanning ruler. 
3. At each mark, an upper bound on the reciprocal sum is estimated by adding to the 
reciprocal sum up to that point the upper estimate for the infinite B2-tail starting at 
this mark. The result is compared with the reciprocal sum of the Zhang sequence. The 
process continues until the point where the Zhang sum, S t, is larger than the estimated 
sum. This indicates that no B2-sequence starting with the given initial segment or with 
an initial segment in which the last term has a value greater than the one in the given 
segment can beat the Zhang sum. 
4. In the case where the S t remains less than the upper estimate of the sum after adding a 
maximum of 50 terms to the original segment, we declare the initial segment a potentially 
good one. In this case, we go back to the starting segment and we set the value of the 
last mark at the next legitimate larger value. This process eventually terminates, since a 
large enough mark value at an early point in the sequence forces the upper estimate on 
the sum to drop below the Zhang sum. 
The whole backtracking process was repeated twice and independently in order to ensure 
the correctness of our results. As a result of our backtrack search, we have found that. any 
B2-sequence A which can potentially achieve a better reciprocal sum than the Zhang sum should 
start with a l  = 1, c~2 = 2, o~ 3 = 4, and 8 < a4 _< 11. 
The backtracking search procedure can best be illustrated through an example. Specifically, let 
us prove that the best possible B2-continuation of the sequence starting with the terms 1, 2, 8 , . . .  
fails to yield a reciprocal sum better than S t. The result is immediate, since 
1 1 1 1 1 1 
+ ~ + ~, +,2.27724891 - T + 2 + 4 
Y y 
recipr, sum best  inf in i te  ta i l  sum 
= 1.625 + 0.52724891 = 2.152249 < 2.1600383 < S t. 
However, in order to prove that the best B2-continuation of the spanning ruler 1, 2, 5, 7, 14, 32 
gives a reciprocal sum less than the Zhang sum S t, we need to add four extra terms, as follows. 
1 2 5 7 14 32 
1 3 2 7 
4 5 9 25 
6 12 27 
13 30 
31 
18 
40 50 61 75 
8 10 11 14 
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and after that  we get 
2.02026249-1- 0.13839055 = 2.15865304 < S t. 
Recipr. Sum Tail Estim. 
4. A SHARPER UPPER BOUND FOR DDC 
We now proceed to use the information of the last proposit ion in order to prove an even 
sharper upper  bound on DDC. Looking upon the patterns  of Golomb rulers with up to 16 marks, 
we notice that  none of them starts  with the terms 1,2, 4 . . . . .  This permits  us to add at least one 
to the values of each of the fourth through the 16 th terms in the sequence with the indiv idual  
shortest  length est imates used to calculate the previous upper bound on the DDC. (Specifically, 
we added one to all the terms in that  range except to the 12 th term, to which we added five, 
for it is known [13] that  the shortest spanning ruler with 12 marks next to the Golomb ruler of 
length 85 has length 90.) Repeat ing now the previously descr ibed procedure, we end up with the 
sharper  bound 
DDC < 2.24732646. 
This  last result along with the lemma proved in Section 2 completes the proof of the following 
theorem. 
THEOREM 2. The distinct distance constant (DDC) is bounded by 
2.16003835 < S t <_ DDC < 2.24593517, 
where S t is the sum of  the reciprocal terms of the Zhang sequence. 
We can now util ize the est imate of the infinite tai l  for B2-sequences in order to exhibit  an 
upper  bound on the sum of the reciprocal terms of the Zhang and Mian-Chowla sequences. The 
est imate for the upper bound on the infinite tai l  s tart ing at the 1000 th term is found to be 
0.00106258. Add ing this value to the sum of the first 1000 reciprocal terms of the above two 
sequences (as seen in Table 1), we obtain the following bounds: 
2.16003835 < S t < 2.16110093, 
2.158413 < S* < 2.15947558. 
Whi le  searching through various B2-sequences, a fact that  drew our attent ion was how soon 
a term o/n of such a sequence grows larger than n 2. A l though we were unable to prove it, we 
conjecture that  for any B2-sequence A with terms 1 -- a l  < a2 < . . . ,  it holds that  a,~ > 
n(n  + 1)Vn > no (no: a small, fixed, posit ive integer, no ~ 20). 
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